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Abstract Review Article
In this paper, the line integral representations of fringe field expressions are derived

analytically and generalized using the unit vectors of the related edge contours. The derived

expressions are applied to the perfectly electric conducting (PEC) parabolic reflector

geometry to investigate the exact diffracted fields.
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1. Introduction

Young first proposed the physical meaning of the scattered fields from a knife edge by
superpositioning the incident and edge-diffracted fields (Rubinowicz, 1957). Although his
valuable idea was allowed to show the interference characteristic of the scattered fields, he
could not base it on the mathematical basis of this explanation. Therefore, this proposal was
dominated by the Fresnel's theory of diffraction. Later on, Maggi and Rubinowitz
independently derived the mathematical expressions, which are realized in Young's idea using
Kirchoff's integral formula (Maggi, 1888; Rubinowicz, 1917). The obtained line integrals are
the reduction forms of the surface integrals to the line integrals, and the evaluation of these
integrals directly gives rise to the edge-diffracted fields. This theory leads to investigating the
diffracted fields independently from the scattered fields. However, Ganci's works on the half
plane showed that the solution of the Maggi-Rubinowitz (boundary diffraction wave, BDW)
gives an approximate solution like physical optics (PO) (Ganci, 1996; Ganci, 1995). PO is a
high-frequency asymptotic technique, and it is widely used in the literature to investigate
scattering problems (Guan et al., 2011; Hamel et al., 2012; Huang et al., 2011; Lee et al., 2008;
Letrou and Boag, 2012; Roudstein and Boag, 2011; Wu et al., 2011). Although it is accurate
for analyzing the scattering from large metallic objects, PO gives wrong diffracted fields at the
edges. The second defeat of the PO is the definition of surface currents. The definition of the
surface currents doesn't include the contributions of the shadow parts. The physical theory of
diffraction (PTD) is one of the well-known integral-based techniques suggested by Ufimtsev in
the 1950s (Ufimtsev, 2006). PTD method corrects the defeats of the PO by defining additional
correction currents. These currents are called fringe currents.
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Ufimtsev also improved this theory by reducing his surface integrals to reduce the edge
point contributions, but he did it indirectly, using heuristic considerations (Ufimtsev, 1962).
Mitzner and Michaeli also independently used this surface to edge reduction technique
(Mitzner, 1974; Michaeli, 1984). The result of Mitzner's work was formulated in terms of the
incremental length diffraction coefficients (ILDC), and Michaeli's work was formulated in
terms of the equivalent edge currents (EEC) for wedge like solutions. Both approaches were
compared by Knott (Knott, 1985). Michaeli's expressions are finite for all directions of
incidence and observation for edges. The observation point is described in the oblique incidence
with two different angles. The first one, g is related to the edge contour, and the second one, ¢
is associated with the plane of the perpendicular incidence. The scattering angle 8 was taken
differently than the incident angle by Michaeli for the oblique incidence. Hence, the equivalent
edge currents were improved for the observation points out of the Keller's cone. The angle g is
the function of the integral variable, but he did not modify the ¢ angle. According to Michaeli's
equivalent edge current method, the angle of ¢ is not a function of the integration variable.
However, the ¢ angle takes different values at the discontinuity of the edges than the values on
the edges. Because of this, the method gives wrong diffracted fields at the corners. Umul has
overcome this corner problem by defining the exact form of the equivalent edge currents using
the axioms of the modified theory of physical optics (MTPO) (Umul 2009; Umul 2008a). This
study will obtain and generalize a rigorous form of the fringe field expressions using the unit
vectors. The obtained expressions will be applied to the parabolic reflector geometry, which
has the perfectly electric conducting (PEC) boundary condition and is fed by the H-polarized
magnetic line source. The method, which is based on the MTPO axioms, will be applied. Many
researchers have studied curved surface diffraction. The scattering of the electromagnetic fields
from the curved surfaces was studied by Biiyiikkaksoy and Uzgoren (Bueyuekaksoy and
Uzgoeren, 1987) and Akduman and Biiyiikaksoy (Akduman and Biiyiikaksoy, 1995). Umul
investigated the scattering of a line source from a cylindrical parabolic impedance reflector
(Umul, 2008b). Yalcin investigated scattering from a cylindrical reflector fed by an offset
electrical line source (Yalgin, 2007).

The time factor of exp(jwt) is assumed and suppressed throughout the paper where w is
the angular frequency.

2. Derivation of the Fringe Fields

First, the PO diffraction field will be obtained for the half plane problem. The geometry
of the half plane is given in the Fig. 1. The half plane is lying on the surface
{xe[0,0]y=0,ze[-w,x]}. P and Q are the arbitrary observation and integration points,

respectively.

Figure 1. The geometry of the half plane
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The incident field can be given as

—

Hi — é’zHOejk(x cos@qy +y singg) (1)
for the magnetic field polarization. PO current is defined as
Jro = ZﬁXﬁiL )

where 11 is the unit normal vector of the half plane and equal to €, . Magnetic vector potential is written
as

- _ij ’
= Z_;ffs'fpo : = as. ©)

The connection between the magnetic vector potential and the scattered magnetic field can be satisfied
by

H=1vx4 . (4)
Ho

PO current is written as
Jeo|, = &2Hyelkx coso (5)

with using the Eq. (1) and Eq. (2). Diffraction integral can be composed as

—

St eeoseoy x (8,720 dx'ar ©)

with using the Eq. (3), Egq. (4), and Eq. (5) where R is the ray path and equal to
1
[(x=x)2 +y%+ (z—2)?] /2 The curl operation in the Eq. (6) is given as

e—JkR

, e JkR _ - jk(z—z’)e‘ij -
7 x (2, 220) = —g, e e (72

y
Ex YR R €y

R

and from the Fig. 1 Eq. (7a) is decomposed as

e—ij) —-jk —]kR

V x (é’x— —é,jk cosnsmﬁ—+ é,jk sinn sin B < (7b)

where cosn = ==, sin f = % and sinn = =~ respectively. Hence, Eq. (6) is decomposed as
1 1

—

Hy (o © ikx 5 . . L. ] ek
H= ﬁfz,z_w [ ek cosvo (—€yjk cosnsin B + &, sinn sinp)

R ’ ’
dx dz (8)

according to the Eq. (7b). x " part of the Eq. (8) can be taken using the well-known edge point technique.
The edge point technique is given

I, f(0e Jkg(")dx—]—kf(a)g(a)e Tko(@, 9)

The phase function of the diffraction integral is written as

Y = x'cospy,— R (20)

where the first derivative ¥ is equal to cosg, + %. The amplitude function is written as

f(x) = M (11)
At the x" = 0 point the phase function and its derivative takes the form as
Y =R, (12a)
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and
Y' = cos@, — cosf, (12b)

1
where R, is the ray path at the x" = 0 and equal to [p? + (z — z)?] /2 The amplitude function takes
the form as

f(x' — 0) _ cos 7;51'71[33. (13)

Hence, the diffraction integral takes the form as

= — ﬂ o] _—) . - . . 1 e_ije ’

H = - Z,=_OO( e, cosn sinf, + e, sinn smﬁe) PSR — dz (14)

using Eq. (12a), (12b), and Eq. (13). The stationary phase method can be used to evaluate the z part of
the diffraction integral. The phase function of the integral is written as

V=R, (15)

found by equating the first derivative of the phase function to zero. Then, the stationary phase point is
found as

Zg = Z. (16)
At the stationary phase points n and S, values are equal to % and m — ¢ respectively. The second
derivative of the phase function is written as

—RZ +(z—z’)

Y= s A7)

and it is equal to Ri at the stationary phase point. The amplitude function can be written as

" _ singg 1
f(Z - Z) - cosQy+cos@ p

(18)
at the stationary phase point. Hence, PO diffracted magnetic field is written as

=g Hy _jg sing e Jjke

—e .
Z\2m cos p+cospy [kp

(19)
The exact diffracted field from the half plane is written as

.TT
4 - _]Z 1 1 €_jkp
Hq = —e;Ho 2V2m <cos 75 + cos—wJ;wO) N7 (20)

Equation (20) is rearranged as

14 2 cos? cosT e—Jkp

H .
0 V2T cos p+cos@q Jkp

H; = (21)

The difference between the exact diffracted field and the PO diffracted field can be found as

wwo

— N 14 2cos-; cos— >~ —sin @ g—Jjkp
Hy =

—e
z \/ cos (p+cos<p0 Jkp

(22)

where ﬁf is found to be a fringe field. A new coordinate system and other related angles are given in
Fig. 2 to generalize the magnetic fringe current.

64



=)

@

Figure 2. The geometry of the related angles

The following relations are written

COSQ = —34 - Rpsing =3, - d, (23a)
cos@py, =S§; - 1, (23b)
and

1 - —
cos% =5 1—5,4 1, (24a)

1 - —
cos%=ﬁw/1 +5; -1, (24b)

from the kinds of direction vectors where 7, is the vector that is outwards from the edge in the direction
of the tangent of the surface. The expression of the fringe field is found as

- L e Ii [Tr5 g 1=8g Rg-3ad e~IkP
Hf = —é, S S (25)
2n (§i—54) e Jkp

in terms of the direction vector. Hence, generalized magnetic fringe fields integral expression is defined
as

oo 51 V143 [1-34 15 4-d e JKRe
Hf = =€ 2 fc Hl(Qe) (5i=54)Tie Re dl (26)

3. Application

The geometry of the problem is presented in Fig. 3 where ¢’ is the angle of incidence, p
is the distance between the source and observation points, p’ is the distance between the source
and the reflector, 7 is the unit normal vector, R is the ray path and P, Q are the observation
and reflection points, respectively. The angle between 7 and p’ is equal to %. f is the focal
length of the PEC reflector. The PEC cylindrical reflector is lying between the angles —¢, and
Po-
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Figure 3. The geometry of the parabolic reflector, which is illuminated by the magnetic line source

As can be seen from Fig. 3, the parabolic reflector is fed by the magnetic line source, which is
defined as

— e_jkp

H; = 5z1mﬁ (27)
where I,,, is the complex amplitude factor. PO electric current can be written directly
> O 05, ek
Jpo =2 (cos ~ €p +sin= ep) I T (28)
where i is the unit normal vector which is defined in the Eg. (2) and equal to — cos%é’p +
Sin%g(p for the problem geometry. The scattered magnetic field is written as
— Im > @ e JkR | e JkR L
Hpo =;Tffs,l7x(e(pcos; - +epsm;T) T ds (29)
from expressions of the Eqg. (3), (4), and Eq. (27). R is the ray path and equal to
1
[,02 +p% = 2pp cos(p— @)+ (z - z')z] ? where p'is equal to —~ —. The curl operation
cosZ+
2
of the Eq. (29) is written as
1{ 5 ‘e JkR ., e JkR R . @ ., e JkR R
;(ez(cos%eR —cos%]keR $+sm%]keR £)> (30)

where the derivatives of the ray path according to the p and ¢ are equal to %W and

pe S99 ) respectively. The angle equalities of the derivative values can be written as

AR '

3, — €S ((p—%+ﬁ) (31a)
and

OR . 9

9 — Sin ((p ST ,8) (31b)

from Fig. 3. The angle equalities are inserted into Eq. (30), and the rearranged form of Eq. (30)
IS written as
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> —JkR 1 ' . '
e, {e - (;cos%+]k cos(p—¢ +,8))} (32)
to be the end of the curl operation. The Eq. (29) is rewritten as

e=ikp 11

Hpo =820, Jp% e (Feos %+ jkcos(p — ¢ +9))
(33)

with using Eq. (29) and Eq. (32). The z part of the integral can be eliminated

Je kR da = 2 HED (kRy) (34)

where z — z' = Rysha and R = [R? + (z — z°)2] /2. Hence, Eq. (33) is written as

g Im jkp'
Hoo = &, 272, S (5eos %+ jlecos(p — ¢+ B)) H (kRy)p'dg

(35)

for Eq. (34). The effect of the edges of the parabolic reflector can be found by applying the
fringe field expression. The geometry of the diffracted field is given in the Fig. 4.

D
Q.

Figure 4. The geometry of the diffracted field
The related expressions are defined as
=dcos® + M, smﬂ (36)
and
3, =R, cos B +dsinpsinny (37)

where d = é,and 7, = é, for the upper edge. When the Eq. (36) and Eq. (37) are inserted to
the Eq. (26), the fringe field expression is written as

- 1
H=-8,—
r “2m
e~Jkpo 1+sm(p°,/1—cos B —sinBsinn
L:— " sm%—cos[?
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e_ije

dz’ (38)

Re

where R, is the ray path and equal to [p? + p2 — 2pp, cos(@ — ¢,) + (z — z)?] /2. The
phase function is written as

V=R, (39)

where the first derivative of the phase function is equal to ' = — —

. The stationary phase

point can be found by equating the first derivative of the phase function to zero. Hence, the
stationary phase point z; is equal to z. The second derivative of the phase function can be
written as

1

s = s (40)
at the stationary phase point where R, is equal to [p2 + pZ — 2pp, cos(@ — @o)] /2. The
amplitude function is written as

, 1+sin%w/1—cosB—sinﬁssinns 1
f(Zs =z)= P0 o

sinT—cosﬁs Res

(41)

at the stationary phase point. Hence, Eq. (38) can be rewritten as

— ik
e R Im eJPo

Hf = —e
4 “\2m kpo

. ®o . . )
e_j% ,1+sm7\/1—cos,Bs—smﬁssmnse_]kReS

Po

sin7+cosﬁs JVKRes

where the B, and 7, is equal to T — ¢ and g respectively. The related expressions for the lower
edge of the PEC cylindrical reflector are defined as

(42)

3 =dcos % + 7, sin% (43)

and

3, =7, cos B +dsinpsinn (44)

where d and 7, is equal to é, and —é,, respectively. The Eq. (26) is written as

. Ime JKPo

g
Zzn\/kpo

ol —
Hf =

. ﬂ — i . )
foo ,1+sm > J1—cos B—sin B sinn e—JkRe J (45)
Z=—0 o Re Z

sinT—cos 5

for the lower edge where R, is equal to [p? + pZ — 2pp, cos(@ + @o) + (z — z°)2] /2. The
phase function of the Eq. (45) is written as

Y =R, (46)
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RZ. The stationary phase point can be found as z, = z

and its first derivative ¥ is equal to —

with equating the first derivative of the phase function to zero. The second derivative of the
phase function is written as

1

s = s (47)
at the stationary phase point and R, is equal to [p? + p2 — 2pp, cos( @ + ©,)] /2. The value
of the amplitude function is written as

, 1+sin%,/1—cosﬁs—sinﬁs sinng 1
flzs=12)= 7 —

sinT—cosﬁs Res

(48)

at the stationary phase point and the values of the angles S, ns are equal to = — ¢ and %
respectively. Hence, Eq. (45) is rewritten as

. . ®0 ; .
o Iy e~Jkpo —jE 1+sm7,/1—cosﬁs—smﬁse_,kReS

=1 Im_
Hf - ezm Jkpo et sin%—cosﬁs JKRes (49)

The exact diffracted field can be found as
Hg = Hpo + HY + H} (50)
with adding the contributions of the fringe fields to the PO diffracted field.

4. Numerical Analysis

In this analysis, the exact diffracted fields, fringe fields, and diffracted PO fields will be
investigated. The observation distance is taken reasonably from the scatterer to investigate the
far field radiation. The observation distance will be taken as 74, where A is the wavelength. The
focal length f will be taken as 2. The parabolic reflector will be positioned between the angles

—@, andg,.

180 +C_ 12

270

Figure 5. Exact diffracted fields
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Figure 5 shows the exact diffracted fields from the edges of the parabolic reflector, which
is given in Eq. (49) for different incident angles. The amplitude values of the diffracted fields
are significant in the reflection region. The main beams can be observed between the angles
150° and 210°. The maximum radiation is observed at 180°. The fields' amplitudes take the
minimum values at 90° and 270°. The effect of the incident angle, can be seen directly from
Fig. 5. The diffracted fields' amplitudes decrease in the reflection region when the incident
angle increases.

Exact diffracted
Fringe diffracted
PO diffracted

Figure 6. PO, fringe, and exact diffracted fields for ¢ = 7

Figure 6 shows the exact, fringe and PO diffracted fields. PO diffracted field in perfect
harmony with the exact diffracted field except for the reflection boundaries, which are the
angles 45° and 315°, respectively. PO and exact diffracted fields take maximum amplitude
values at 180°. Although the PO diffracted field's amplitude goes to zero at 90° and 270°, exact
diffracted fields take different amplitude values at that angle. The fringe diffracted fields'
amplitude takes the major values between the reflection regions. The minor lobes are observed
between the angles 90° and 270°. The fringe diffracted fields fix the defeats of the PO diffracted
fields in reflection and shadow boundaries and reflection and shadow regions.

4. Conclusions

In this study, scattering surface integrals were reduced to the line integrals to investigate
the exact diffracted fields. In addition, this formulation was generalized for various diffraction
applications. This formulation is based on the MTPO axioms. In contrast to the other
approaches, this derived expression is based on the MTPO axioms, and the scattering angle is
variable at the corners and the edges. This is the main advantage of this approach. This new
formulation was applied to the PEC cylindrical parabolic reflector geometry, which was fed by
the H-polarized line source. The PO diffracted fields were found. Fringe field expressions were
derived. The asymptotic evaluations of the diffraction integrals were yielding the fringe fields.
The fringe fields were used to fix the PO diffracted fields, and the exact diffracted fields were
obtained. The PO, fringe, and exact diffracted fields were analyzed numerically. The exact
diffracted fields were investigated numerically for different incident angles. It is observed that
the results are in harmony with the theory.
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